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Abstract
Let G be a deﬁnably compact deﬁnable Cr group and 1 ≤ r < ∞. Let X, Y be aﬃne
deﬁnable CrG manifolds such that Y is deﬁnably compact and without boundary. We prove
that for every deﬁnable CrG map f : X → Y and for every deﬁnable CrG submanifold Z of
Y , there exists a deﬁnable Cr−1G map h : X → Y such that h is deﬁnably Cr−1G homotopic
to f and h and h|∂X are transverse to Z.
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1 . Introduction.
LetN = (R,+, ·, <, . . . ) be an o-minimal
expansion of a real closed ﬁeld R. Every-
thing is considered inN and the term “deﬁn-
able” is used in the sense of “deﬁnable with
parameters in N ” unless otherwise stated.
General references on o-minimal struc-
tures are [2], [3], also see [7].
A Cr manifold is a definable Cr mani-
fold if it admits a ﬁnite system of charts
whose gluing maps are of class deﬁnable Cr.
We say that a deﬁnable Cr manifold X
is definably compact if for every a, b ∈ R ∪
{∞} ∪ {−∞} with a < b and for every de-
ﬁnable map f : (a, b) → X, limx→a+0 f(x)
and limx→b−0 f(x) exist in X.
A deﬁnable Cr manifold G is a definable
Cr group if G is a group and the group oper-
ations G×G→ G,G→ G are deﬁnable Cr
maps. A deﬁnable Cr group G is definably
compact if G is deﬁnably compact.
Let G be a deﬁnable Cr group. A defin-
able CrG manifold is a pair (X,φ) consist-
ing of a deﬁnable Cr manifold X and a de-
ﬁnable Cr action φ : G × X → X on X of
G. For abbreviation, we write X instead of
(X,φ).
Deﬁnable CrG manifolds are studied in
[4], [5].
Let G be a deﬁnably compact deﬁnable
Cr group and 1 ≤ r <∞. A deﬁnable CrG
manifold is affine if it is deﬁnably CrG dif-
feomorphic to a deﬁnable CrG submanifold
of some representation space of G. In this
paper we are concerned with a transverse
condition of deﬁnable CrG maps between
aﬃne deﬁnable CrG manifolds. In the rest
of this paper, G means a deﬁnably compact
deﬁnable Cr group and 1 ≤ r < ∞ unless
otherwise stated.
Let X,Y be deﬁnable Cr submanifolds
of Rn and Z a deﬁnable Cr submanifold of
Y . A deﬁnable Cr map f : X → Y is
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transverse to Z if for each x ∈ X with
f(x) ∈ Z, (df)x(TxX) + Tf(x)Z = Tf(x)Y .
Theorem 1.1. Let X, Y,D be aﬃne de-
ﬁnable CrG manifolds such that Y and D
are without boundary, and F : X ×D → Y
a deﬁnable CrG map. Let Z be a deﬁnable
CrG submanifold of Y without boundary. If
F and F |∂(X×D) are transverse to Z, then
for all d ∈ D outside of a G invariant de-
ﬁnable set of dimension < dimD, fd and
fd|∂X are transverse to Z, where fd : X →
Y is the map deﬁned by fd(x) = F (x, d).
LetX,Y be deﬁnable CrGmanifolds and
f, h : X → Y deﬁnable CrG maps. We say
that f is definably CrG homotopic to h if
there exists a deﬁnable CrG map F : X ×
[0, 1]R → Y such that f(x) = F (x, 0) and
h(x) = F (x, 1) for all x ∈ X, where the G
action on [0, 1]R = {t ∈ R|0 ≤ t ≤ 1} is
trivial.
Theorem 1.2. Let X, Y be aﬃne deﬁn-
able CrG manifolds such that Y is deﬁn-
ably compact and without boundary. Then
for every deﬁnable CrG map f : X → Y
and for every deﬁnable CrG submanifold Z
of Y , there exists a deﬁnable Cr−1G map
h : X → Y such that h is deﬁnably Cr−1G
homotopic to f and h and h|∂X are trans-
verse to Z.
Theorem 1.2 is an equivariant version of
5.6 [1].
LetM = (R,+, ·, <, . . . ) be an o-minimal
expansion of the standard structure R =
(R,+, ·, <) of the ﬁeld R of real numbers.
We have the following theorem when N =
M.
Theorem 1.3. Let N = M and G a
compact deﬁnable Cr group. Let X,Y be
aﬃne deﬁnable CrG manifolds such that Y
is compact and without boundary. Let f :
X → Y be a deﬁnable CrG map and Z
a deﬁnable CrG submanifold of Y without
boundary. If f |∂X is transverse to Y and
∂X is compact, then there exists a deﬁnable
Cr−1G map h : X → Y such that h is deﬁn-
ably Cr−1G homotopic to f , f = h on ∂X
and h is transverse to Z.
2 . Proof of Theorem 1.1
and Theorem 1.2.
Let G be a deﬁnably compact deﬁnable
Cr group. A group homomorphism from G
to some On(R) is a representation if it is a
deﬁnable Cr map, where On(R) means the
nth orthogonal group of R. A representa-
tion space Ω of G is Rn with the orthogonal
action induced from a representation of G.
A definable CrG submanifold of Ω of G is
a G invariant deﬁnable Cr submanifold of Ω.
A definable G set means a G invariant de-
ﬁnable subset of some representation space
of G.
Let Y be a deﬁnable CrG submanifold
of an l-dimensional representation space Ω of
G. For any y ∈ Y , let Ny(Y ) be the orthogo-
nal complement of the tangent space Ty(Y )
of Y at y with respect to the usual inner
product on Ω. We deﬁne the normal bundle
N(Y ) ⊂ R2l as the union ∪y∈Y {y}×Ny(Y ).
As in [6], the above R2l is a representation
space Ξ ofG such that Ω×{0} isG invariant.
Proposition 2.1. Let Y be a deﬁnable
CrG submanifold without boundary of an l-
dimensional representation space Ω of G.
Then N(Y ) is an l-dimensional deﬁnable
Cr−1G submanifold of Ξ and the projection
π : N(Y )→ Y , sending (y, v) ∈ {y}×Ny(Y )
to y, is a submersive deﬁnable Cr−1G map.
Proof . By 4.1 [1], N(Y ) is a deﬁnable
Cr−1 submanifold of R2l and π is a submer-
sive deﬁnable Cr−1 map. By the construc-
tion of Ξ and N(Y ), N(Y ) is G invariant
and π is a G map.
Recall that a deﬁnable subset of Rn is de-
ﬁnably compact if and only if it is bounded
and closed. For a G invariant deﬁnably com-
pact deﬁnable subset Z of a G invariant de-
ﬁnable subset X of a representation space
Ω of G and for an � > 0, the G invariant
�-neighborhood of Z in X is the set of all
points of X whose distance from some point
of Z less than �. Note that this deﬁnable
set is G invariant because the action of G is
orthogonal.
Proposition 2.2. Let X be a G invari-
ant deﬁnable subset of a representation space
Ω of G and Z a G invariant deﬁnably com-
pact deﬁnable subset of X. For any G in-
variant deﬁnable open subset U of X con-
taining Z, there exists some � > 0 such that
U contains the G invariant �-neighborhood
W of Z in X.
Proof. By 4.2 [1], there exists some � >
0 such that U contains the �-neighborhood
W of Z in X. By the construction and the
action on Ω is orthogonal, W is G invariant.
Lemma 2.3. Let X, Y be deﬁnable CrG
submanifolds without boundary of a repre-
sentation spaces Ω,Ξ of G, respectively, and
f : X → Y a deﬁnable CrG map. Suppose
that f maps a deﬁnably compact CrG sub-
manifold Z of X deﬁnably CrG diﬀeomor-
phically onto f(Z) and that (df)x : TxX →
Tf(x)Y is an isomorphism for each x ∈ Z.
Then there exist G invariant deﬁnable open
neighborhoods U (resp. V ) of Z (resp. f(Z))
in X (resp. Y ) such that f |U : U → V is a
deﬁnable CrG diﬀeomorphism.
Proof. By 4.3 [1], there exist deﬁnable
open neighborhoods U (resp. V ) of Z (resp.
f(Z)) inX (resp. Y ) such that f |U : U → V
is a deﬁnable Cr diﬀeomorphism. By the
construction of them and the action on Ω is
orthogonal, U, V are G invariant and f is a
deﬁnable CrG diﬀeomorphism.
Theorem 2.4. Let Y be a deﬁnably com-
pact deﬁnable CrG submanifold of a repre-
sentation space Ω of G without boundary.
Then there exist a G invariant deﬁnable open
neighborhood V of X in Ω and a deﬁnable
Cr−1G submersion θ : V → X such that
θ|X = idX .
If N = M, then Theorem 2.4 is proved
in 1.2 [4] when 1 ≤ r < ∞ and in 2.24 [5]
when r =∞.
Proof of Theorem 2.4. Deﬁne a deﬁn-
able Cr−1Gmap h : N(X)→ Ω by h(x, v) =
x+ v. Then h|X ×{0} is a deﬁnable Cr−1G
map onto X and (dh)(x,0) is an isomorphism
for each x ∈ X. By Lemma 2.3, there exist
G invariant deﬁnable open neighborhoods U
(resp. V ) of X × {0} (resp. X) in N(X)
(resp. Ω) such that h : U → V is a deﬁnable
Cr−1G diﬀeomorphism. Therefore π ◦ h−1 :
V → X is the required submersion, where
π : N(X)→ X denotes the projection.
Proposition 2.5. Let X (resp. Y ) be
a deﬁnable CrG submanifold of a represen-
tation space Ω (resp. Ξ) such that Y is de-
ﬁnably compact and without boundary, and
f : X → Y a deﬁnable CrG map. Let D be
the open unit disk of Ξ. Then there exists a
deﬁnable Cr−1G map F : X ×D → Y such
that F (x, 0) = f(x) and for ﬁxed x ∈ X the
map Fx : D → Y deﬁned by Fx(d) = F (x, d)
is a submersive deﬁnable Cr−1G map.
Proof. By Theorem 2.4, there exist a G
invariant deﬁnable open neighborhood U of
Y in Ξ and a deﬁnable Cr−1G submersion
θ : U → Y . By Proposition 2.2, we may
assume that U is an �-neighborhood. Thus
F : X × D → Y, F (x, d) = θ(f(x) + �d) is
the required map.
The following theorem is a deﬁnable ver-
sion of Sard’s theorem.
Theorem 2.6 ([1]). Let X ⊂ Rn, Y ⊂
Rm be deﬁnable C1 manifolds and f : X →
Y a deﬁnable C1 map. Then the set of crit-
ical values of f has dimension of less than
dimY .
Proof of Theorem 1.1. Since X, Y,D
are aﬃne, we may assume that they are de-
ﬁnable CrG submanifolds of a representa-
tion space of G.
Let π : X × D → D be the projec-
tion and d a regular value of π|F−1(Z) and
π|∂(F−1(Z)).
Since d is a regular value of π|F−1(Z)
and (dfd)x(TxX) = (dF )(x,d)(Tx(X × {d})),
Tx(X × {d}) is a direct sum of T(x,d)(F−1(
Z)) in T(x,d)(X × D). Thus its image of
(dF )(x,d) is a direct sum of TzZ in TzY . Hence
for any x ∈ X with fd(x) ∈ Z, (dfd)x(TxX)+




Proposition 2.2. Let X be a G invari-
ant deﬁnable subset of a representation space
Ω of G and Z a G invariant deﬁnably com-
pact deﬁnable subset of X. For any G in-
variant deﬁnable open subset U of X con-
taining Z, there exists some � > 0 such that
U contains the G invariant �-neighborhood
W of Z in X.
Proof. By 4.2 [1], there exists some � >
0 such that U contains the �-neighborhood
W of Z in X. By the construction and the
action on Ω is orthogonal, W is G invariant.
Lemma 2.3. Let X, Y be deﬁnable CrG
submanifolds without boundary of a repre-
sentation spaces Ω,Ξ of G, respectively, and
f : X → Y a deﬁnable CrG map. Suppose
that f maps a deﬁnably compact CrG sub-
manifold Z of X deﬁnably CrG diﬀeomor-
phically onto f(Z) and that (df)x : TxX →
Tf(x)Y is an isomorphism for each x ∈ Z.
Then there exist G invariant deﬁnable open
neighborhoods U (resp. V ) of Z (resp. f(Z))
in X (resp. Y ) such that f |U : U → V is a
deﬁnable CrG diﬀeomorphism.
Proof. By 4.3 [1], there exist deﬁnable
open neighborhoods U (resp. V ) of Z (resp.
f(Z)) inX (resp. Y ) such that f |U : U → V
is a deﬁnable Cr diﬀeomorphism. By the
construction of them and the action on Ω is
orthogonal, U, V are G invariant and f is a
deﬁnable CrG diﬀeomorphism.
Theorem 2.4. Let Y be a deﬁnably com-
pact deﬁnable CrG submanifold of a repre-
sentation space Ω of G without boundary.
Then there exist a G invariant deﬁnable open
neighborhood V of X in Ω and a deﬁnable
Cr−1G submersion θ : V → X such that
θ|X = idX .
If N = M, then Theorem 2.4 is proved
in 1.2 [4] when 1 ≤ r < ∞ and in 2.24 [5]
when r =∞.
Proof of Theorem 2.4. Deﬁne a deﬁn-
able Cr−1Gmap h : N(X)→ Ω by h(x, v) =
x+ v. Then h|X ×{0} is a deﬁnable Cr−1G
map onto X and (dh)(x,0) is an isomorphism
for each x ∈ X. By Lemma 2.3, there exist
G invariant deﬁnable open neighborhoods U
(resp. V ) of X × {0} (resp. X) in N(X)
(resp. Ω) such that h : U → V is a deﬁnable
Cr−1G diﬀeomorphism. Therefore π ◦ h−1 :
V → X is the required submersion, where
π : N(X)→ X denotes the projection.
Proposition 2.5. Let X (resp. Y ) be
a deﬁnable CrG submanifold of a represen-
tation space Ω (resp. Ξ) such that Y is de-
ﬁnably compact and without boundary, and
f : X → Y a deﬁnable CrG map. Let D be
the open unit disk of Ξ. Then there exists a
deﬁnable Cr−1G map F : X ×D → Y such
that F (x, 0) = f(x) and for ﬁxed x ∈ X the
map Fx : D → Y deﬁned by Fx(d) = F (x, d)
is a submersive deﬁnable Cr−1G map.
Proof. By Theorem 2.4, there exist a G
invariant deﬁnable open neighborhood U of
Y in Ξ and a deﬁnable Cr−1G submersion
θ : U → Y . By Proposition 2.2, we may
assume that U is an �-neighborhood. Thus
F : X × D → Y, F (x, d) = θ(f(x) + �d) is
the required map.
The following theorem is a deﬁnable ver-
sion of Sard’s theorem.
Theorem 2.6 ([1]). Let X ⊂ Rn, Y ⊂
Rm be deﬁnable C1 manifolds and f : X →
Y a deﬁnable C1 map. Then the set of crit-
ical values of f has dimension of less than
dimY .
Proof of Theorem 1.1. Since X, Y,D
are aﬃne, we may assume that they are de-
ﬁnable CrG submanifolds of a representa-
tion space of G.
Let π : X × D → D be the projec-
tion and d a regular value of π|F−1(Z) and
π|∂(F−1(Z)).
Since d is a regular value of π|F−1(Z)
and (dfd)x(TxX) = (dF )(x,d)(Tx(X × {d})),
Tx(X × {d}) is a direct sum of T(x,d)(F−1(
Z)) in T(x,d)(X × D). Thus its image of
(dF )(x,d) is a direct sum of TzZ in TzY . Hence
for any x ∈ X with fd(x) ∈ Z, (dfd)x(TxX)+
TzZ = TzY . By Theorem 2.6, we have The-
orem 1.1.
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The above argument works for pi|∂(F−1(
Z)).
Proof of Theorem 1.2. By Proposition
2.5, there exists a definable CrG map F :
X × D → Y such that F and F |∂(X × D)
are transverse to Z. By Theorem 1.1, there
exists a point d in D such that fd : X →
Y, fd(x) = F (x, d) is transverse to Z and
fd|∂X is transverse to Z. By construction
of fd, fd is definably C
r−1G homotopic to
f .
Lemma 2.7 (5.7 [1]). Let A be a defin-
able closed subset of Rn. Then there exists a
definable Cr function f : Rn → R such that
A = f−1(0).
We have the following equivariant ver-
sion of Lemma 2.7 when N =M.
Theorem 2.8. Let N = M, G a com-
pact definable Cr group and A a G invari-
ant definable closed subset of a representa-
tion space Ω of G. Then there exists a G
invariant definable Cr function f : Ω → R
such that A = f−1(0).
Proof . Since G is a compact definable
Cr group, the orbit map pi : Ω → Ω/G ⊂
Rl is a G invariant proper polynomial map.
Thus pi(A) is closed in Rl. By Lemma 2.7,
there exists a deinable Cr function φ : Rl →
R such that pi(A) = φ−1(0). Therefore f :=
pi ◦ φ : Ω→ R is the required function.
Proof of Theorem 1.3. By Theorem
2.8, there exists a G invariant definable Cr
function φ : X → [0, 1] such that ∂X =
φ−1(0). By Proposition 2.5, we have a defin-
able Cr−1G map F : X ×D → Y such that
F (x, 0) = f(x) and for fixed x ∈ X the map
Fx : D → Y defined by Fx(d) = F (x, d) is
a submersive definable Cr−1G map. Define
H : X ×D → Y,H(x, d) = F (x, φ2(x)d).
We claim that H and H|∂(X × D) are
transverse to Z. Let x ∈ X such that φ(x) =
0. Then the map d → H(x, d) is the compo-
sition of the two submersions D → D, d →
φ2(x)d and D → Y, d → F (x, d). If φ(x) =
0, then x ∈ ∂X. By the chain rule, (dH)(x,d) :
TxX×TdD → TH(x,d)Y is expressed by (dH)
(x,d)(v, w) = (dF )(x,φ2(x)d)(v, φ
2(x) ·w+2φ(x)
(dφ)x(v) · d) = (dF )(x,0)(v, 0) = (df)x(v).
Thus the image of (dH)(x,d) coincides that
of (df)x. Hence the claim is proved.
By Theorem 1.2, there exists d ∈ D such
that h(x) := H(x, d) is transverse to Z, and
h is the required map.
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